The leading electroweak MSSM two-loop corrections to the electroweak precision observables are calculated. They are obtained by evaluating the two-loop O(α 2 t ), O(α t α b ), O(α 2 b ) contributions to the quantity ∆ρ in the limit of heavy scalar quarks, i.e. we consider the contributions of a Two-Higgs-Doublet model with MSSM restrictions. The full analytic result for arbitrary values of the lightest CP-even Higgs boson mass is presented. The numerical effects of the leading electroweak MSSM two-loop corrections on the precision observables M W and sin 2 θ eff are analyzed. The electroweak two-loop contribution to M W amounts up to −12 MeV and up to +6 × 10 −5 for sin 2 θ eff . The corrections from the bottom quark loops can become important for large values of tan β. They enter with a different sign than the O(α 2 t ) corrections. We furthermore investigate the current sensitivity of the electroweak precision observables to the top Yukawa coupling in the SM and the MSSM. The prospects for indirectly determining this coupling at the next generation of colliders are discussed. *
Introduction
Theories based on Supersymmetry (SUSY) [1] are widely considered as the theoretically most appealing extension of the Standard Model (SM). They are consistent with the approximate unification of the gauge coupling constants at the GUT scale and provide a way to cancel the quadratic divergences in the Higgs sector hence stabilizing the huge hierarchy between the GUT and the Fermi scales. Furthermore, in SUSY theories the breaking of the electroweak symmetry is naturally induced at the Fermi scale, and the lightest supersymmetric particle can be neutral, weakly interacting and absolutely stable, providing therefore a natural solution for the Dark Matter problem.
Supersymmetry predicts the existence of scalar partnersf L ,f R to each SM chiral fermion, and spin-1/2 partners to the gauge bosons and to the scalar Higgs bosons. So far, the direct search for SUSY particles has not been successful. One can only set lower bounds of O(100) GeV on their masses [2] . Furthermore, contrary to the SM two Higgs doublets are required resulting in five physical Higgs bosons [3] . The direct search resulted in lower limits of about 90 GeV for the neutral Higgs bosons and about 80 GeV for the charged ones [4] .
An alternative way to probe SUSY is via the virtual effects of the additional particles to precision observables. This requires a very high precision of the experimental results as well as of the theoretical predictions. The most prominent role in this respect plays the ρ-parameter [5] . The radiative corrections from vector boson self-energies to the quantity ∆ρ constitute the leading, process independent corrections to many electroweak precision observables, such as the prediction for ∆r, i.e. the M W − M Z interdependence, and the effective leptonic weak mixing angle, sin 2 θ eff . The radiative corrections to the electroweak precision observables within the Minimal Supersymmetric Standard Model (MSSM) stemming from scalar fermions, charginos, neutralinos and Higgs bosons have been discussed at the one-loop level in Refs. [6, 7] , providing the full one-loop corrections. More recently also the leading two-loop corrections in O(αα s ) to the quark and scalar quark loops for ∆ρ have been obtained [8] as well as the gluonic two-loop corrections to the M W − M Z interdependence [9] . Contrary to the SM case, these two-loop corrections turned out to increase the one-loop contributions, leading to an enhancement of up to 35% [8] .
In this paper we present the leading two-loop corrections to ∆ρ at O(α 2 t ), O(α t α b ), O(α 2 b ), i.e. the leading two-loop contributions involving the top and bottom Yukawa couplings. These contributions are of particular interest, since they involve corrections proportional to m 4 t and bottom loop corrections enhanced by tan β, the ratio of the two vacuum expectation values. For a large SUSY scale, M SUSY ≫ M Z , the contributions from loops of SUSY particles decouple from physical observables [10, 8] . Therefore, focusing on the case of large M SUSY , we derive the leading electroweak two-loop corrections in the limit where besides the SM particles only the two Higgs doublets of the MSSM are active.
As a first step, in Ref. [11] we have calculated the O(α 2 t ) corrections in the limit where the lightest CP-even Higgs boson mass vanishes, i.e. m h → 0. The numerical effect of these corrections turned out to be relatively small. However, for the corresponding SM result it was found that the M SM H = 0 limit is only a poor approximation of the result with arbitrary M SM H [12] . Since a similar behavior can be expected for the MSSM, we perform the calculation of the leading electroweak two-loop corrections, O(α [12] . The resulting shift in M W and sin 2 θ eff is analyzed numerically. Since the top Yukawa coupling enters the predictions for the electroweak precision observables at lowest order in the perturbative expansion at O(α 2 t ), these contributions allow to study the sensitivity of the precision observables on this coupling. Using a simple approach in which we treat the top Yukawa coupling in the SM and the MSSM as a free parameter, we study the current sensitivities of the electroweak precision observables as well as the prospective accuracies at the next generation of colliders.
The rest of the paper is organized as follows: in Sect. 2 we review the SM and MSSM corrections to the quantity ∆ρ and present the details of the calculation of the O(α 
One-loop results
The quantity ∆ρ,
parameterizes the leading universal corrections to the electroweak precision observables induced by the mass splitting between fields in an isospin doublet [5] . Σ Z,W (0) denote the transverse parts of the unrenormalized Z and W boson self-energies at zero momentum transfer, respectively. ∆ρ gives the dominant contribution to electroweak precision observables, such as the W boson mass, M W , and the effective leptonic mixing angle, sin 2 θ eff . The induced shifts are in leading order given by (with 1 − s
In the SM the dominant contribution to ∆ρ at the one-loop level is given by the t/b doublet due to their large mass splitting. It reads
with
F 0 has the properties F 0 (m
Therefore for m t ≫ m b eq. (3) reduces to the well known quadratic correction in m t ,
Within the MSSM the dominant correction from SUSY particles at the one-loop level arises from the scalar top and bottom contribution to eq. (1). For m b = 0 it is given by ∆ρ 2 3
These corrections screen the one-loop result by approximately 10%. Also the three-loop result at O(αα 2 s ) is known. Numerically it reads [14] ∆ρ SM,αα 2
Furthermore the leading electroweak two-loop top quark contributions of O(α 2 t ) have been calculated. They enter the electroweak precision observables together with the one-loop contribution according to
First the result for ∆ρ 1 in the limit M SM H = 0 had been evaluated [15] ,
Later the full O(α 2 t ) result without restrictions in the Higgs boson mass became available [12] , where δ
Here fct(m t , M H ) contains the extra terms arising from a non-vanishing Higgs boson mass.
Recently also first electroweak three-loop results in the limit of M H = 0 became available [16] . Numerically they read 
The coefficients of these terms could then be evaluated in the gauge-less limit, i.e. for
For the Higgs masses appearing in the two-loop diagrams we use the following relations, arising from the gauge-less limit h (which formally is a higher-order effect). Keeping m h as a free parameter is also relevant in view of the fact that the lightest MSSM Higgs boson receives large higher order corrections [23] , which shift its upper bound up to 135 GeV (for M SUSY ≤ 1 TeV and m t = 175 GeV) [17, 24] . These corrections can easily be taken into account in this way (in the Higgs contributions at one-loop order, however, the tree-level value of m h should be used). Keeping α arbitrary is necessary in order to incorporate non SM-like couplings of the lightest CP-even Higgs boson to fermions and gauge bosons.
On the other hand, keeping all Higgs-sector parameters completely arbitrary is not possible, as the underlying symmetry of the MSSM Lagrangian has to be exploited in order to ensure the UV-finiteness of the two-loop corrections to ∆ρ. We thus have enforced only those symmetry relations in the neutral CP-even Higgs sector which are explicitly needed in order to obtain a complete cancellation of the UV-divergences.
In the following, we separately consider the O(α In the case of the O(α 2 t ) corrections, no further relations in the neutral CP-even Higgs sector are necessary, i.e. we keep the parameters m h , m H and α arbitrary in the evaluation of the O(α 2 t ) corrections. For these contributions also the top Yukawa coupling y t can be treated as a free parameter, i.e. it is not necessary to use eq. (23) . As a consistency check of our method we recalculated the corresponding SM result [12] and found perfect agreement.
Concerning the corrections to ∆ρ with y b = 0, the SU(2) structure of the fermion doublet requires further symmetry relations. Within the Higgs boson sector it is necessary, besides using eq. (24) , also to use the relations for the heavy CP-even Higgs boson mass and the Higgs mixing angle, m
On the other hand, m h can be kept as a free parameter. [25] .
In order to simplify the expression for the O(α 
The two-loop contribution to the ρ -parameter then reads:
In the limit of large tan
Thus for large tan β the SM limit with M SM H → 0 is reached. In order to investigate the decoupling behavior of ∆ρ 
In the limit A → 0 one obtains
i.e. exactly the SM limit for M SM H → 0 is reached. This constitutes a consistency check, since in the limit A → 0 the heavy Higgs bosons are decoupled from the theory. Thus only the lightest CP-even Higgs boson should remain, which in the O(α 2 t ) approximation (neglecting higher-order corrections) has the mass m h = 0.
An expansion for small values of M A as well as an analysis of the quality of these expansions can be found in Ref. [11] .
The more general expressions, i.e. with m h = 0, at O(α (37), is compared with the leading O(α 2 t ) contribution in the SM [12] , with the leading MSSM corrections arising from thet/b sector at O(α) [7] , and with the corresponding gluon-exchange contributions of O(αα s ) [8] (the O(αα s ) gluino-exchange contributions [8] , which go to zero for large mg, have been omitted here). The numerical effects of the different contributions to ∆ρ are shown as a function of a common SUSY mass scale, M SUSY (which enters the diagonal entries in thẽ t mass matrix). For the MSSM parameters we have chosen the values as specified in the m max h benchmark scenario [26] , i.e. X t = 2 M SUSY , where m t X t is the off-diagonal entry in thẽ t mass matrix. For our conventions in thet sector, see Ref. [17] . ∼ 600 GeV, i.e. these contributions can compensate each other as they enter with different sign. This applies also for the no-mixing scenario (X t = 0, M SUSY = 2000 GeV) [26] , which is not shown here.
In Fig. 5 we analyze the dependence of the O(α 2 t ) contributions to ∆ρ on the lightest CP-even Higgs boson mass, m h . For the MSSM parameters we have again chosen values as specified for the m max h and the no-mixing scenario. While tan β has been fixed to tan β = 3, 40, the CP-odd Higgs boson mass has been varied from 50 GeV to 1000 GeV.
As can be seen in Fig. 5 , the O(α 2 t ) MSSM contribution is of O(10 −4 ). It is always larger than the corresponding SM result. In the limit of large M A , i.e. at the endpoint of the m h spectrum, the difference of the SM and the MSSM result are numerically very small. This is in accordance with the decoupling behavior that we have discussed analytically for the special case with m h = 0, see Sect. 3.
In Fig. 6 the decoupling behavior for large M A of ∆ρ 
Effects on precision observables
In this section the numerical effect of the O(α 2 t ) corrections on the electroweak precision observables, M W and sin 2 θ eff is analyzed. In addition to the MSSM O(α 2 t ) correction to δM W and δ sin 2 θ eff , we also present the effective change from the SM result (where the SM Higgs boson mass has been set to m h ) to our new MSSM result.
In Fig. 7 the absolute contribution and the effective change for the W boson mass is presented. For the numerical evaluation we have chosen the m The absolute contribution and the effective change for δ sin 2 θ eff is shown in Fig. 8 for the same parameters as in Fig. 7 and the no-mixing scenario is compared with the corresponding SM result with M SM H = m h . In the left plot tan β is fixed to tan β = 40, while M A is varied from 50 GeV to 1000 GeV. In the right plot M A is set to 300 GeV, while tan β is varied. The bottom quark mass is set to m b = 4.25 GeV.
The O(α
In Fig. 9 we show the result for the O(α 
Constraints on the top Yukawa coupling in the SM and the MSSM
The ∆ρ
1,Higgs corrections in the SM and the MSSM are of particular interest, since these are the leading corrections in which the top and bottom Yukawa couplings, i.e. the coupling of Higgs bosons to top and bottom quarks, enter the predictions for the electroweak precision observables. Thus, the electroweak precision tests of the SM and the MSSM provide some sensitivity to the Yukawa couplings in these models.
In order to exemplify this sensitivity, we use a simple approach in which we treat the top Yukawa coupling in the SM and the MSSM as a free parameter. While a complete calculation of top and bottom contributions, as discussed in the previous sections, requires the relation between the Yukawa coupling and fermion mass within the SM and the MSSM, this relation is not formally needed if one restricts to the top contributions only. Numerically, this is an excellent approximation within the SM and also in the MSSM for not too large tan β.
In the following we analyze the sensitivity to the top Yukawa coupling in the SM and the MSSM. Since in the MSSM contributions beyond the ∆ρ [12] , neglecting the formally subleading electroweak two-loop corrections to the precision observables [31] , which can, however, be of similar size. Fig. 10 shows the effect of varying the top Yukawa coupling in the SM and the MSSM for the precision observables M W and sin 2 θ eff in comparison with the current experimental precision. The allowed 68% and 95% C.L. contours are indicated in the figure. The Yukawa coupling is scaled in the following way,
and analogously in the MSSM. A shift of this kind in the relation between a fermion mass and the corresponding Yukawa coupling can occur for instance in the MSSM (see e.g. Ref. [35] ),
where ∆ t is induced by SUSY loop corrections. Here we do not assume any particular scenario but use the variation of the top Yukawa coupling only for demonstrating the sensitivity to this parameter. for m t = 179. 4 GeV, both at the 95% C.L. These relatively strong bounds are of course related to the fact that the theory prediction in the SM shows some deviation from the current experimental central value.
The lower plot of Fig. 10 shows the analogous analysis in the MSSM for one particular example of SUSY parameters. We have chosen a large value of M SUSY , M SUSY = 1000 GeV, in order to justify the approximation of neglecting the O(α In order to demonstrate the sensitivity of future colliders for the determination of the top Yukawa coupling from electroweak precision observables, we list in Tab. 1 the bounds on y t obtainable at the LHC and a future LC with GigaZ option [34] . Here we assume that the future experimental central values of M W and sin 2 θ eff agree with the theory predictions for y t /y SM t = 1 and y t /y MSSM t = 1, respectively. An accuracy in the indirect determination of y t of about 40% can be achieved with the GigaZ precision at the 95% C.L. This is similar to the accuracy achievable from the tt threshold measurements, see Ref. [39] . The results in Tab. 1 are the same for the SM and our SUSY example, since the only difference (after assuming that the future experimental central values of M W and sin 2 θ eff agree perfectly with the SM or MSSM predictions) are the relatively small deviations at O(α [32, 38] , while for LC/GigaZ we use δm t = 0.1 GeV, δM W = 7 MeV and δ sin 2 θ eff = 1.3 × 10 −5 [33, 34, 32] . For ∆α had we assume a future uncertainty of δ∆α had = 5 × 10 . For large M A also in this case the SM result is recovered. The MSSM corrections to the electroweak precision observables discussed here are important in order to reduce the theoretical uncertainties from unknown higher order corrections within the MSSM to a similar level as currently reached for the SM. Achieving this level of theoretical accuracy will be mandatory in particular in view of the prospective accuracies at a future linear collider running on the Z peak and the W W threshold.
We have furthermore discussed the sensitivity of the electroweak precision observables to the top Yukawa coupling, which enters at the two-loop level. Varying the SM top Yukawa coupling and requiring consistency with the present experimental values of M W and sin 2 θ eff at the 95% C.L. yields an upper bound of y t < 1.3 y SM t for m t = 174.3 GeV. This bound can be relaxed within the MSSM, where additional contributions from SUSY loops to the electroweak precision observables can lead to a better agreement with the experimental data. We have also analyzed the sensitivity of future colliders for the determination of the top Yukawa coupling from electroweak precision observables, assuming that the future experimental central values of M W and sin 2 θ eff agree with the theory predictions for unmodified Yukawa couplings. An accuracy in the indirect determination of y t of about 40% can be achieved with GigaZ precision at the 95% C.L., which is similar to the accuracy achievable from tt threshold measurements. 
We furthermore use the abbreviations s x ≡ sin x, c x ≡ cos x and
The two-loop contribution to the ρ -parameter then reads: 
A.2 The result for the O(α (24) and (25) . We give this result for arbitrary space-time dimension D, using the shorthands
The result is expressed in terms of the one-loop scalar integrals A 0 (m) and B 0 (p 2 , m 1 , m 2 ) as defined in Ref. [8] and the scalar two-loop vacuum integral T 134 (m 
